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Abstract: We propose a method to detect genuine quantum correlation for multi-qubit pure states. We then 
derive a complementarity relations for pure quantum states of N qubits. We prove that in all many-qubit 
systems there exist strict monogamy laws for quantum correlations. On the other hand, it is known that the 
entanglement monogamy equality proposed by Coffman, Kundu, and Wootters is in general not true for 
multiqubit states. Inducing from the CKW equality, we find a proper form of entanglement monogamy 
equality for arbitrary quantum states. The total quantum correlation of qubit k with the remaining qubits 
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kR can be characterizes. Furthermore, the quantum correlation of qubit mn with the remaining qubits mnR  can 
also be obtained. Furthermore, some monogamy relations have been obtained.  
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1. Introduction:  Quantification of multi-qubit entanglement has remained an outstanding but important  
challenge in quantum information science. Nowadays, it is a crucial physical resource widely used in quantum-
information processing, as in quantum communication [1–2] and quantum computation [3–4]. 
       Complementarity is perhaps the most important phenomenon distinguishing systems that are inherently 
quantum mechanical from those that may accurately be treated classically. The study of complementary in 
composite systems has a fairly short history by comparison. Besides the most well-known complementarity 
principle introduced by Bohr [5], many other kinds of complementarity relation have also been discussed [6-8]. 
numerous experimental works have been done in this field [9–11].  
In particular for two-state systems, elegant relations between two complementary observables have been 
derived [12-14]. Jakob and Bergou [15] have derived a complementarity relation for an arbitrary pure state of 
two qubits. Jaeger, et al., [16] have derived a complementarity relation between multipartite entanglement and 
mixedness for specific classes of N-qubit systems. Cai et al. [17] also established a complementarity relation 
between local and nonlocal information for two- and three-qubit pure states . For arbitrary n-qubit pure states, 
they gave following conjecture   
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           On the other hand, the study of distributed entanglement for multipartite states is important for quantum  
information In 2000 Coffman, Kundu, and Wootters (CKW) formalized the monogamy of entanglement for a 
three-qubit system [18] i.e.  ( ) AB AC ABCA BCτ = τ + τ + τ . Despite the importance of monogamy relations for 
quantum information, the knowledge of quantitative relations for other forms of entanglement is so far rather 
limited. 
In this paper, we propose a method for detecting genuine multipartite correlations for arbitrary n-qubit 
quantum system. We derive a complementarity relations for many-qubit systems by using linear entropy.  A 
monogamy equality analogous to Coffman-Kundu-Wootters (CKW) equality is established. 
2. Complementarity relations for many-qubit systems 
 It is known that information contained in multi-qubit systems can be distributed in local and non-local 
form. According to Brukner-Zeilinger principle: the total information of one qubit is one bit and the total 
information of N-qubit system is N bit (for pure states) . Therefore, the total information content of a N-qubit 
system  
=Ntotal local non localI I I −= +                                                         (1a)                        
For an N-qubit quantum system in pure state ψ , the amount of information in local form 
( )
=1
n
local i
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Where , 1,2, ,i iI F i n= =   , and that [23-24] 
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We can show that [17] 22 1i iI trρ= − , where ( )1 1, 1i i i ntrρ ρ ψ ψ− +=   is the reduced density operator of 
the ith qubit.  
The nonlocal information exists not only in 2-qubit , but also 3-qubit. 4-qubit and n-qubit. We define 
           ( ) ( )12 13 n-1, 123 124 n-2,n-1, 123+ + + +nonlocal n n nI I I I I I I I= + + +                                              (4) 
Where  1, 12,13, 1,ij ijI F ij n n= − = − ;                                      
1, 123,124, , 2, 1,ijk ijkI F ijk n n n= − = − − ; 123 123 1n nI F= − ；  .                                     
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Therefore, the complementarity relation  is as follows 
                           ( ) ( ) ( )1 2 12 13 n-1, 123 124 n-2,n-1, 123+ + + + + +n n n nI I I I I I I I I I N+ + + + =           (1b) 
One can easily to show that =N,  0local non localI I − =  for product state; 0,   <Nnon local localI I− ≠  for entangled 
state.  
We start by considering the simplest case of a two-qubit system in the pure state 
                0 1 2 312 00 01 10 11a a a aϕ = + + + .                                                                                       (6) 
From Eq. (1b), we have 
               1 2 12+ + 2I I I =                                                                                                                                  (7) 
We can show that 12 122I τ= ,where 12τ  is the square of concurrence. Therefore, Eq (7) is just that of Eq (9) of 
reference[17]. For product state, we have 1 2 1I I= = , 12 0I = ; For Bell state, that is 1 2 0I I= = , 12 2I = . 
       For three-qubit pure states,  
                  0 1 2 3 4 5 6 7123 000 001 010 011 100 101 110 111a a a a a a a aϕ = + + + + + + +           (8) 
From Eq. (1b), we know,  
                                                  1 2 3 12 13 23 123+ + + 3I I I I I I I+ + + =                                                            (9) 
For the GHZ state, 
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2
ϕ = + , it is easy to show that 1 2 3 0I I I= = = ,  12 13 23 0I I I= = = ,  
123 3I = . For the W state, 123
1 ( 001 010 100 )
3
ϕ = + + , we can obtain 
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         For four-qubit pure states,  
                                 
0 1 2 31234
4 5 6 7
8 9 10 11
12 13 14 15
0000 0001 0010 0011
           0100 0101 0110 0111
           1000 1001 1010 1011
          1100 1101 1110 1111
a a a a
a a a a
a a a a
a a a a
ϕ = + + +
+ + + +
+ + + +
+ + + +
                                           (10) 
                                                                       
From Eq. (1-4), we know,  
             ( ) ( )1 2 3 4 12 13 14 23 24 34 123 124 134 234 1234+ + + + 4I I I I I I I I I I I I I I I+ + + + + + + + + + =         (11) 
For the GHZ state, 
1234
1 ( 0000 1111 )
2
ϕ = + , one can have 
1 2 3 4 0I I I I= = = = , 12 13 14 23 24 34 0I I I I I I= = = = = = , 123 124 134 234 1I I I I= = = = − , 
1234 8I = . 
For the W state, 
1234
1 ( 0001 0010 0100 1000 )
2
ϕ = + + + , we have 
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1
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4
I I I I= = = = , 
1234 3I =  . 
On the other hand, we can have 
                 ( ) ( ) ( )12 13 14 23 24 34 1 2 3 4 1234+ + + 4 1I I I I I I I I I I τ+ + + + + − = −                                   （12） 
Where 1234τ  is n-tangle, which can be defined as [19],   
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3    A monogamy equality analogous to Coffman-Kundu-Wootters (CKW) equality 
It is well know that the total quantum correlation of qubit k with the remaining qubits kR can be 
characterizes by the linear entropy 
( ) ( )( )22 1k kk R trτ ρ= − .                                                                                       （13） 
For a two-qubit pure state, the linear entropy is a bipartite quantum correlation. For a three-qubit case, 
the ( )kk Rτ  is composed of the two-qubit and genuine three-qubit correlations [19]. For an N-qubit pure state, the 
linear entropy is contributed by the different levels of quantum correlation [20]. 
For an N-qubit pure state, we presented a natural generalization that the linear entropy is contributed by 
different levels of quantum correlations, i.e.,  
                                  ( ) ( )1n-2 12 13 123 124 12312 1 + + + nR I I I I Iτ+ = +                                             （14） 
For a two-qubit pure state, the linear entropy is  
   ( ) 121 22 Iτ =                                                                                                        （15） 
For a three-qubit case, the linear entropy is 
                                      ( ) 12 13 1231 233 +I I Iτ = +                                                                                    （16） 
For a four-qubit case, the linear entropy is 
( ) 12 13 14 123 124 134 12341 2345 + + + + +I I I I I I Iτ = +                                                     （17） 
For a five-qubit case, the linear entropy is 
                            ( )
( ) ( )
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                        （18） 
Furthermore, we define that the total quantum correlation of qubit ml  with the remaining qubits mlR  can be 
characterizes by the linear entropy 
( ) ( )( )22 1ml mlml R trτ ρ= − .                                                                       （19） 
Then, for an N-qubit pure state, we can obtain that the linear entropy is contributed by different levels of 
quantum correlations, i.e.,  
   ( ) ( )n-4 13 14 1 23 24 2 123 124 12 12312 342 2 1 + + + + + + , 4n n n nn I I I I I I I I I I nτ+ = + + + + ≥      
                                                                                                                                                            （20） 
                                                                                                                                                                                                                                  
    For four-qubit pure states, it can be expressed 
                ( ) ( ) ( )13 14 23 24 123 124 134 234 123412 344 + + + + +I I I I I I I I Iτ = + + +                                      （21） 
Similarly, for five-qubit pure states, we can have 
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                                                                                                                                                             （22） 
4. Discussions and conclusions 
  If the system is in a mixed state, the above equation will be replaced by an inequality, i.e. 
                   Ntotal local non localI I I −= + ≤                                                                                           （23） 
In ref[21], they give relation    2 2 21 2 12 1tr tr trρ ρ ρ+ − ≤ . 
Recently,  Christopher Eltschka and Jens Siewert [22] have given some degree-2 and degree-4 monogamy 
relations. As reference [22], using this method, we can get  
  ( )2 2 21 2 12 12 121tr tr tr trρ ρ ρ ρ ρ+ − = −                                                                   （24） 
Here   ( ) ( )*12 12y y y yρ σ σ ρ σ σ= ⊗ ⊗   is the time-reversed density matrix of 12ρ . 
Because of ( )12 12 1tr ρ ρ ≤ .it is obvious that 2 2 21 2 12 1tr tr trρ ρ ρ+ − ≤ . 
Similarly,  we can have 
( ) ( ) ( )( ) ( )2 2 2 2123 12 13 23 12 12 13 13 23 23 123 1231 3 =12 2tr tr tr tr tr tr tr trρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ− + + + + + + −    （25） 
i.e.  ( ) ( ) ( )( )2 2 2 2123 12 13 23 12 12 13 13 23 231 3 02 2tr tr tr tr tr tr trρ ρ ρ ρ ρ ρ ρ ρ ρ ρ− + + + + + + ≥    
On the other hand,  for a four-qubit, using Eq（16）and （20）,one  can obtain 
     ( ) ( ) ( ) ( )( ) ( ) ( ) ( )( ) 12341 234 2 134 3 124 4 123 12 34 13 24 14 235 5 5 5 4 4 4 Iτ τ τ τ τ τ τ+ + + − + + =                                （26） 
  In conclusion, we found a complementarity relations for pure quantum states of N qubits. We prove that in all  
many-qubit systems there exist strict monogamy laws for quantum correlations. We may also find a monogamy 
 equality analogous to Coffman-Kundu-Wootters (CKW) equality. Furthermore, some monogamy equality is 
 established. We believe those result   can play an important role  in quantum communication and computing. 
Acknowledgments 
 This work is supported by the Natural Science Foundation of Shaanxi Province of China (Grant No. 
2013JM1009). 
References 
[1] A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991). 
[2] C. H. Bennett, G. Brassard, C. Crépeau, R. Jozsa, A. Peres, and W. K. Wootters, Phys. Rev. Lett. 70, 
    1895 (1993). 
[3] C. H. Bennett and D. P. Divincenzo, Nature (London) 404, 247 (2000). 
[4]  R. Raussendorf and H. J. Briegel, Phys. Rev. Lett. 86, 5188 (2001). 
[5] N. Bohr, Nature (London) 121, 580 (1928); N. Bohr, Phys. Rev. 48, 696 (1935). 
[6] D. Deutsch, Phys. Rev. Lett. 50, 631 (1983). 
[7] K. Krauss, Phys. Rev. D 35, 3070 (1987). 
[8] H. Maassen and J. B. M. Uffink, Phys. Rev. Lett. 60, 1103 (1988). 
[9] A Fedrizzi, B Skerlak, T Paterek, M P de Almeida and A G White New Journal of Physics 13,  
      053038 (2011)  
[10] Morgan M. Weston, Michael J. W. Hall, Matthew S. Palsson, Howard M. Wiseman and Geoff  J. Pryde 
        Phys. Rev. Lett. 110, 220402 (2013). 
[11] Peng X.H., Jingfu Zhang, Du J. F., and Dieter Suter Phys. Rev. A 77  052107 (2008). 
[12] L. Mandel, Opt. Lett. 16, 1882 (1991). 
[13] G. Jaeger, A. Shimony, and L. Vaidman, Phys. Rev. A 51, 54 (1995). 
[14] B.-G. Englert, Phys. Rev. Lett. 77, 2154 (1996). 
[15] M. Jakob and J. A. Bergou,  Opt. Commun. 283, 827 (2010). 
[16] G. Jaeger, M. A. Horne, and A. Shimony,  Phys. Rev. A, 48(2),1023 (1993). 
[17] J.-M. Cai, Z.-W. Zhou and G.-C. Guo,  Physics Letters A 363, 392 (2007) 
[18] V. Coffman, J. Kundu, and W. K. Wootters, Phys. Rev. A 61, 052306 (2000). 
[19] A. Wong and N. Christensen, Phys. Rev. A 63, 044301 (2001).  
[20] Y.-K. Bai, D. Yang, and Z. D. Wang, Phys. Rev. A 76, 022336 (2007). 
[21] J.-M. Cai, Z.-W. Zhou, Shun Zhang and G.-C. Guo,  Phys. Rev. A 75, 052324 (2007). 
[22] C. Eltschka, and J. Siewert, Phys. Rev. Lett. 114, 140402 (2015). 
[23] X. W. Zha, C. Z.Yuan, and Y. P. Zhang, Laser Phys. Lett. 10, 045201 (2013). 
[24] X. W. Zha, Irfan Ahmed, and Y. P. Zhang, Results in Physics 6, 26 (2016) 
 
